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Betatron Motion



Linear Focusing

We can solve the linear Hill's equation: 7"+ K(s)z =0

(2 cosh(/[K]s) + \/ml% sinh(1/|Kls), K <0
33'(3):<m0—|—a:63, K=0
| To cos(VKs) + jg’f sin(vV K s), K >0




Transfer Matrices

(20 cosh(+/|K|s) + \/ml% sinh(1/|K]s), K <0
33'(3):<m0—|—a:63, K=0
| To cos(VKs) + 5—’% sin(vV K s), K >0
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The final position and slope is a linear combination of the
Initial position and initial slope. We can use matrices:

(o )= ()



Example: FODO Cell

QF/2 D QF/2

inn Tl

FODO cell

N ( 1 0)(1 Ll)(l O)(l Ll)( 1 0)
- 1 1 1
M ~k 1L2 o 1/ 1J%o 1/{-5 1
L}
) 1_2f2

[
P
l
N
\..
—
—

The transfer matrix for a sequence of elements can be
obtained by multiplying the matrices for the components.



TWISS (Courant-Snyder) Parameters

The transfer matrix for a stable ring can be parametrized:

!
M(s) = ( cos<I)—|—.a:sin<I> Bsin(f[)- ) ozm:—%
—~ sin P cos® — asin ® %:1+a§:
B
The transfer matrix for a general transfer matrix:
( \/g—?(COS AD + o sin AD) VB1Ba sin Ad )
M(82|81) = Lty s - |
— 22 sin AP + g5 cos AP s (cos AD — g sin AD)

For example, we can calculate TWISS for a FODO ring:

1
cos ® = §Tr(M) =1-L?/2f

1L 2L (14 &
M (s0) = ( L 1_f£) 1(_+L_2f) ) g = (2L)(1 + L/2f)
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TWISS Plots
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9
TWISS & Betatron Oscillation

The general transfer matrix can be decomposed:

3 S

—1

(\/6_2 0 )(cosAcb sinA(b)(\/E (1))

_ \f/)% \/16_2 —sin A®  cos Ad - \(/Xﬁ B1

An inverse transformation, a rotation, and transformation.

This allows us to understand what the TWISS parameters

mean for the particle motion:

/ 2Jz .
2(s) = /2B, cos(6.) o=y g, Pin(de) + a cos(6)]




Betatron Oscillation
o(s) = /2B T cos(6) B 1402
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Betatron Phase-space




Betatron Motion
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Betatron Phase Advance

z(s) = /2B, J; cos(¢,) 3’ =— Qﬁf [sin(¢ ) + az cos(¢x )]

Pa(52) = bols1) = A = 312 5:5(8) ds

Betatron Tune: z’
1 so+C 1

N g S0 ﬁx(s)
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Two BPM Measurement

The correlation between X1 and X2, can be used to see the
betatron phase advance between those points.

I.ILIJI.J.I.IIJJ.I.I.IJ!

-8 o -
¥y (mm)

S.Y. Lee



Nonlinearities



Betatron Tune Resonance

Perturbation will accumulate if tune is a
fraction corresponding to the symmetry
of the applied fields.
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Tune Diagrams
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Spread &
shifted tune

The tune Is carefully
picked to avoid
resonances.

The tune for the beam
occupies a finite space:
- Laslett space-charge
tune spread.

- Amplitude-dependent
tune shift.

- Tune-change during
acceleration.

- Chromaticity
- beam-beam effects



asfep s Jogupugat] guan s gt Ry ge e og
x (mm)

~—r T T YT Lo LI GELINL A S o G S u o m o e e a2 2 e e
I | | 1 ] i | | I |
TR au..n..f
i b t h“lo.%\l"uo
. - .nr-ll'
- - oS80 Ty S
i N N %
3 - L
—
- -
- - -
A =
- .m
S
- - b
S
r 15 L
- g 3
N L
- g 2=
3 . -
- - -
b p -
—_
- - b
A M
\ ST AT 2 [T N R T T bR T LT 1% LA L7007 ) LT, 20 P O 02 [T A T
ST . .

x (mm)

TATETT EPUPEPEIS (UGS RPTRPErE BPPE S

tortions

vvv]vvvvl'v"l'vv"vvvvlvvv

LB NI S L I A A B
PEPEPS PO PP BRI EPEPEPET EPUPEPEP BT

1S

pancac el pacls el aaaa B il a s B ssa s ooty

(wrwr) Xgq (ww) ?g

space D

Phase-

A\

z (mm)




Nonlinear Decoherence

o) = Injection errors,

AN instabilities, and
sudden lattice changes
may cause a phase-
space mismatch.

Tune spread causes
the beam to fill-out
along the phase-space
contours.
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Off-Momentum Particles



Dispersion
A9=9£
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Chromaticity

Change in tune with momentum: Chromaticity:
. 1 [¢
Ty + (K + dxz =0 C 55 2 471_/0 5} (s)ds
1 2
Km:p_Q_K(S). AKw:—p—2+K(S)
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Sextupoles & Chromaticity Correction

Chromaticity is tune
dependence on
momentum.

De-focusing lens Focusing lens

Sextupoles provide
tune-shift depending
on position offset.

Dispersion is position
offset dependence on
momentum.

Beam pipe

C
C, - % / B IAK(5) + S(s)D(s)]ds
0
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RF Capture



Energy in one pass through cavity

* RF drive
RF Cavity
Magnetic field \ Electric field Be d/28¢c '
[ | -~~~ coupling loop AFE = QVE 425 Slll(w,- ft s c;ﬁ) dt
Beam

d/28c

AE = —qV (,Bc) cos(wyft + @)

d W f

—d/28¢

_ wrpd B 1Y\ [cos(¢+ x) — cos(d — x)
gt o ()

AE = qV(sin x/x) sin(¢) — ¢V sin(¢)
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Phase-Slip Factor n

The arrival time of the particle depends on the momentum:
5= P~ Po T—Trew 1 oT

~ 0 —0 =m0
pU T’J"e’U —|_ T‘T'G’U' 85 (r]

Higher momentum particles may arrive earlier or later than
lower momentum particles:
1 9T 10C 103 1 1
"= Twds  CO5 B 2 A2
We can write the change in phase per unit time using the
phase-slip factor:

q.b — f?“equqb = QWfrevT_ = 27Tfrefuh— = QWfTBUh’r](S frf = Nfrev

AT AT
rf T‘rev



Longitudinal Focusing
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Osclillatory & Slipping Motion

3.0
1.5

The further off momentum, the faster the slipping motion.

Lost particles rapidly decohere from each other.



RF Acceleration

* Particles in the bucket can be accelerated by adiabatically
changing the RF frequency.

* Particles outside the bucket are left behind, decelerated
relative to the moving reference frame.
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Transition Crossing

Accelerating

Deccelerating
Vsin(d) | |

n <0: Focusing Defocusing
n > 0: Defocusing Focusing




